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Abstract
Zitterbewegung, as it was originally described by Schro¨dinger, is an unphysical, non-observable
effect. We verify whether the effect can be observed in non-inertial reference frames/curved space-
times, where the ambiguity in defining particle states results in a mixing of positive and negative
frequency modes. We explicitly demonstrate that such a mixing is in fact necessary to obtain the
correct classical value for a particle’s velocity in a uniformly accelerated reference frame, whereas
in cosmological spacetime a particle does indeed exhibit Zitterbewegung.
1 Introduction
Zitterbewegung (“trembling motion”) of a free relativistic electron described by the Dirac
equation was theorised by Schro¨dinger in 1930 [1]. It has been subsequently understood that
Zitterbewegung is actually an unphysical, non-observable effect. In one-particle (quantum
mechanical) interpretation one can demonstrate this by performing specific unitary trans-
formations suggested by Foldy and Wouthuysen [2]. The effect disappears in the Foldy-
Wouthuysen representation, and this suggests that a naive superposition of negative and
positive energy solutions in the original Dirac representation is erroneous. A full resolution
comes from the consistent second-quantized treatment according to which any real physi-
cal particle (antiparticle) carries only positive energy and thus no superposition of negative
and positive energy states is possible. The effect of virtual particles is taken into account
to describe the physical electron (mass, charge and wave function renormalizations) and,
obviously, does not affect its free motion1.
In this paper we demonstrate that Zitterbewegung may show up as a physical effect in
certain reference frames which cannot be defined globally on an entire spacetime. In such
spacetimes, the definition of particle states become observer-dependent and thus ambigu-
ous. Well-known examples are reference frames related to stationary observers in black hole
spacetimes and uniformly accelerating (Rindler) observers in flat Minkowski spacetime. Such
observers perceive the Minkowski vacuum state as being a thermal radiation coming from
the event horizon [5, 6], which is due to the non-trivial mixing of positive and negative fre-
quency modes of quantized fields. Similar mixing and the related particle production occurs
in time-dependent (cosmological) spacetimes [7]. We demonstrate that precisely this mix-
ing of negative and positive frequency modes causes Zitterbewegung of a Dirac fermion in
cosmological spacetime, whereas in Rindler spacetime it leads to a one-particle expectation
value for velocity which exactly reproduces its classical counterpart. In what follows we
restrict our discussion to (1+1)-dimensional toy models, since this case is technically simpler
and captures the essential physics behind the phenomenon. We consider other physically
interesting spaces elsewhere.
The paper is organised as follows. In the next section we set up our notations and
show that no Zitterbewegung appears in inertial reference frames. Section 3 is devoted to
the calculation of one-particle velocity expectation value for uniformly accelerated observer.
Finally, in Section 4 we demonstrate explicitly the physical Zitterbewegung within a toy
cosmological model. The last section is devoted to conclusions and some useful formulae are
collected in the Appendix.
1Despite this clear-cut picture some researchers still advocate Zitterbewegung as a real effect and some
even claim its experimental discovery [3]. In our opinion these claims are erroneous (see also the criticism
in [4]).
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2 No Zitterbewegung for inertial observers
For the sake of completeness and to set up our notations we start our discussion by demon-
strating the absence of Zitterbewegung in inertial reference frames. (1+1)-dimensional
Minkowski spacetime is parameterized by Cartesian coordinates (t, x) and the interval reads:
ds2 = dt2 − dx2 . (1)
The Dirac spinor in (1+1) dimensions2 is a two-component complex field ψ, which satisfies
the Dirac equation
(iγµ∂µ −m)ψ = 0, (2)
where the (1 + 1)-dimensional γ-matrices satisfy the anticommutation relation
{γµ, γν} = 2gµν12×2.
For this calculation, we will use the following representation for the γ-matrices:
γ0 =
(
0 1
1 0
)
, γ1 =
(
0 1
-1 0
)
. (3)
The Dirac equation is obtained as Euler–Lagrange equation from the Lagrangian:
L = iψ¯γµ∂µψ −mψ¯ψ. (4)
The canonical formalism leads to the Hamiltonian density
H = pi∂0ψ −L = ψ¯(−iγ1∂1 +m)ψ = ψ¯γ0ψ, (5)
where pi(x) = ∂L
∂(∂0ψ)
and in the last equality was used the equation of motion (2). The
same Hamiltonian is of course obtained from Noether’s theorem, in view of the translational
invariance of the Lagrangian (4), which leads to the conserved energy-momentum tensor
T µν = iψ¯γµ∂νψ − gµνL, (6)
whose component T 00 is the Hamiltonian density (5).
By solving Dirac’s equation (2) (see, for example, Ref. [9]), one obtains the normalized
positive/negative frequency
(
ωp =
√
p2 +m2
)
solutions, ψ(±), which are the familiar plane
waves:
ψ(±)p =
1√
2ωp
( √
ωp ∓ p
±√ωp ± p
)
e∓iωpt+ipx . (7)
2For a detailed presentation of Clifford algebras and spinors in arbitrary spacetime dimensions, see, for
example, Ref. [8].
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Thus, a free quantum field as described by an inertial observer in Minkowski coordinates
reads:
ψˆM(t, x) =
∫
dp
1√
2pi
(
aˆ(p)ψ(+)p + bˆ
†(−p)ψ(−)p
)
, (8)
where the annihilation (creation) operators aˆ(aˆ†), bˆ(bˆ†), respectively for particles and an-
tiparticles, satisfy the standard anticommutation relations:
{aˆ(p), aˆ†(p′)} = δ(p− p′) , {bˆ(p), bˆ†(p′)} = δ(p− p′) , (9)
other anticommutators being zero. Particle states are defined as excitations over the vacuum
state |0M〉:
aˆ(p)|0M〉 = bˆ(p)|0M〉 = 0 , ∀p . (10)
In particular, particle and antiparticle with momentum p are described respectively by the
states,
|p〉 = aˆ†(p)|0M〉 , ˜|p〉 = bˆ†(p)|0M〉 , (11)
which are orthogonal to each other, 〈p ˜|p〉 = 0, and both carry positive energy E = +
√
p2 +m2.
Next, we define a particle’s velocity as follows. The Dirac Lagrangian (2) is invariant
under U(1) global transformations, which leads by Noether’s theorem to the conservation
of the current jµ = ψ¯γµψ. Upon quantization, the current becomes an operator whose
components are the current and charge density operators:
jˆ1 = : ψˆ†γ0γ1ψˆ : , (12)
jˆ0 = : ψˆ†ψˆ : , (13)
where : ... : denotes normal ordering of operators and µ = {0, 1} are the Lorentz vector
indices in (1+1)-dimensional spacetime. Expressing the operators in terms of creation and
annihilation operator, it is then easy to show that the velocity of a particle with momentum
p and energy ωp is:
v ≡ 〈p|jˆ
1|p〉
〈p|jˆ0|p〉 =
p
ωp
. (14)
This expression is just the classical velocity of a relativistic particle. Hence, no Zitterbewe-
gung term appears within the consistent description of the Dirac particle in inertial reference
frames.
3 No Zitterbewegung in an uniformly accelerated ref-
erence frame
In this section we consider Dirac fermions in a uniformly accelerated reference frame. An
observer moving with a constant positive acceleration, a, along the x-direction in (1+1)-
dimensional flat Minkowski spacetime, accounts for an event horizon. Such a non-inertial
3
frame is described by the Rindler spacetime, with the following line element:
ds2 = a2χ2dτ 2 − dχ2 . (15)
For details about quantum field theory in Rindler space, see, for example, Ref. [10]. The
Rindler coordinates (τ, χ) can be written in terms of Cartesian coordinates (t, x), which
parametrize the flat Minkowski spacetime, as follows:
τ =
1
a
arctanh
(
t
x
)
, χ =
√
x2 − t2 . (16)
It is obvious from the above equations that the Rindler coordinates cover only the |x| > t
quadrant of the full Minkowski spacetime and χ ∈ [0,+∞].
The Dirac equation in Rindler spacetime reads:
iγ0∂τ = −iaχγ0γ1∂χψ −
(
ia
2
γ0γ1 − aχmγ0
)
ψ. (17)
The positive/negative frequency solutions to the above equation can be found in terms of
modified Bessel function of the second kind:
ψ
(±)
Ω =
√
m cosh(pi
a
Ω)
pi2a
e∓iΩτ
(
K±iΩ
a
+ 1
2
(mχ)
iK±iΩ
a
− 1
2
(mχ)
)
, (18)
where we have adopted the normalisation condition:
∫∞
0
(
ψ
(±)
Ω′
)†
ψ
(±)
Ω dχ = δ (Ω
′ − Ω) and
Ω ≥ 0. The mathematical details of these calculations can be found in the Appendix.
Given the mode solutions (18) we construct the Rindler quantum field as:
ψˆR(τ, χ) =
∫ ∞
0
dΩ
(
AˆΩψ
(+)
Ω + Bˆ
†
Ωψ
(−)
Ω
)
, (19)
where Aˆ(Bˆ) and Aˆ†(Bˆ†) are particle (antiparticle) creation and annihilation operators, re-
spectively, acting on the Fock space as defined by the Rindler observer, i.e., AˆΩ|0R〉 =
BˆΩ|0R〉 = 0, ∀Ω, |0R〉 being the Rindler vacuum state, etc. We then define the Rindler
current and charge density operators as:
jˆ1 = aχ : ψˆ†Rγ
0γ1ψˆR : , (20)
jˆ0 = : ψˆ†RψˆR : , (21)
where the normal ordering is defined with respect to the Rindler operators. Note also that
the time evaluation is assumed with respect to the Rindler coordinate time τ , which is related
to the proper time τp as aχdτ = dτp.
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According to (16), the uniformly accelerated frame can be viewed as a Lorentz boosted
inertial reference frame with an instantaneous velocity aτ . Hence we can relate the boosted
Minkowski modes to the Rindler modes via Bogoliubov transformations, i.e.:
e−
1
2
γ0γ1aτψ(+)p (t(τ, χ), x(τ, χ)) =
∫ ∞
0
dΩ αΩ,p ψ
(+)
Ω + βΩ,p ψ
(−)
Ω , (22)
e−
1
2
γ0γ1aτψ(−)p (t(τ, χ), x(τ, χ)) =
∫ ∞
0
dΩ α∗Ω,p ψ
(−)
Ω + β
∗
Ω,p ψ
(+)
Ω . (23)
Using these equations and the relations given in the Appendix we have computed the Bo-
goliubov coefficients (see the details in the Appendix):
αΩ,θp =
1− i
2
e
iΩθp
a e
piΩ
2a√
2apim cosh(θp) cosh(
Ω
a
pi)
, βΩ,θp = α−Ω,θp . (24)
In (24) we have parameterized the Minkowski frequency and momentum as:
ωp = m cosh(θp) , p = m sinh(θp) . (25)
Given the above Bogoliubov coefficients we can map Rindler (Aˆ,Bˆ) and Minkowski (aˆ, bˆ)
operators:
AˆΩ =
∫∞
−∞
dk (αΩ,kaˆk + β
∗
Ω,kbˆ
†
k) , (26)
Bˆ
†
Ω =
∫∞
−∞
dk (βΩ,kaˆk + α
∗
Ω,k bˆ
†
k) . (27)
As described in the Appendix, we finally obtain the expectation values for the Rindler current
and charge density operators given generically by (A.3.1) (see also for the specific case of
the current density (A.3.2)), respectively, for a one-particle Minkowski state |p〉:
〈p|jˆ1R|p〉 =
∫ ∞
−∞
∫ ∞
−∞
dΩ dΩ′ψ
(+)
Ω
†
γ0γ1aχψ
(+)
Ω′ α
∗
Ω,pαΩ′,p =
aχ sinh(θp − aτ)
pi cosh(θp)
, (28)
〈p|jˆ0R|p〉 =
∫ ∞
−∞
∫ ∞
−∞
dΩ dΩ′ψ
(+)
Ω
†
Oψ
(+)
Ω′ α
∗
Ω,pαΩ′,p =
cosh(θp − aτ)
pi cosh(θp)
. (29)
Importantly, the limit of integration in the above equations reflect the fact that both the
positive and negative frequency solutions do contribute to the final result. Also we note that
the computed expectation values are finite due to the Rindler normal ordering adopted in
(20) and (21). With these in hand, we compute the velocity of a particle in a uniformly
accelerated reference frame,
vR =
〈p|jˆ1R|p〉
〈p|jˆ0R|p〉
∣∣∣∣∣
aχ=1
= tanh(θp − aτ) , (30)
which is precisely the classical velocity. Hence, we see that, similar to inertial frames, there
is no Zitterbewegung effect in uniformly accelerated reference frames.
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4 Cosmological Zitterbewegung
Let us consider now a toy (1+1)-dimensional cosmological model (see. e.g., Ref. [10]) with
the line element
ds2 = a2(η)(dη2 − dx2), (31)
which describes a change of the scale factor from a constant, a0 − χ, in the infinite past
(η → −∞) to another constant a0 + χ in the infinite future (η →∞):
a(η) = a0 + χ tanh(εη). (32)
This model describes an asymptotically static spacetime which undergoes a period of smooth
expansion. The Dirac equation in this spacetime now reads[
iγµ∂µ + i
1
2
a′(η)
a(η)
γ0 −ma(η)
]
ψ = 0 , (33)
where the prime denotes the derivative with respect to η. In the following calculations we
shall use the notations:
ain/out = (a0 ∓ χ),
ωin/out =
√
p2 +m2a2in/out,
ω± =
1
2
(ωout ± ωin).
(34)
The solutions to this equation can be found using the Dirac representation for the γ-matrices:
γ0 =
(
1 0
0 -1
)
, γ1 =
(
0 1
-1 0
)
. (35)
The positive energy solutions which match the flat-space plane waves in the infinite past,
denoted below as “in” states, are found to be (see Appendix for a brief discussion):
ψ+in = (e
εη + e−εη)e−iω+ηe
−
(
1+
iω
−
ε
)
ln(2 cosh(εη)) a(η)
− 1
2√
2ωin
(
U1
U2
)
eipx , (36)
with
U1 =
√
ωin +main F1,
U2 =
|p|
p
(ωin −main)− 12
×
[
F1
[
−ma0 + tanh(εη)(iε−mχ) + i
2
[(iωin − ε)(tanh(εη)− 1)− (iωout + ε)(tanh(εη) + 1)]
]
− F2
iωin − ε
[
4i
[
(ω−)
2 −m2χ2]+ 4ε(ω− −mχ)] (tanh(εη) + 1) (tanh(εη)− 1) ] .
(37)
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Here we have used the following condensed notation:
F1 = 2F1
(
i
ε
(ω− −mχ) , 1 + i
ε
(ω− +mχ); 1− iωin
ε
;
1
2
tanh(εη) +
1
2
)
,
F2 = 2F1
(
2 +
i
ε
(ω− +mχ) , 1 +
i
ε
(ω− −mχ); 2− iωin
ε
;
1
2
tanh(εη) +
1
2
)
,
(38)
with 2F1(a, b; c; z) being the ordinary hypergeometric function. The states which solve the
Dirac equation and match the plane wave solutions in the infinite future are denoted as
“out” states and the positive energy solutions are found to be:
ψ+out = (e
εη + e−εη)e−iω+ηe−(1+
iω
−
ε
) ln(2 cosh(εη)) a(η)
− 1
2√
2ωout
(
U1
U2
)
eipx , (39)
with
U1 =
√
ωout +maout F˜1
U2 =
|p|
p
(ωout −maout)− 12
×
[
F˜1
[
−ma0 + tanh(εη)(iε−mχ) + i
2
[(iωin − ε)(tanh(εη)− 1)− (iωout + ε)(tanh(εη) + 1)]
]
− F˜2
iωin − ε
[
4i
[
(ω−)
2 −m2χ2]+ 4ε(ω− −mχ)] (tanh(εη) + 1) (tanh(εη)− 1) ].
(40)
Here we have introduced the following notation
F˜1 = 2F1
[
i
ε
(ω− −mχ), 1 + i
ε
(ω− +mχ); 1 +
iωout
ε
;
1
2
− 1
2
tanh(εη)
]
F˜2 = 2F1
[
2 +
i
ε
(ω− +mχ) , 1 +
i
ε
(ω− −mχ); 2 + iωout
ε
;
1
2
− 1
2
tanh(εη)
] (41)
The negative energy states can be found by using the charge conjugation operator as follows
ψ− = Cψ∗+ . (42)
In our 2-D Dirac representation, the charge conjugation operator is
C =
(
0 1
1 0
)
. (43)
The field operator can be expanded in terms of the above mode functions as follows:
ψˆin =
∫
dp
1√
2pi
(
aˆ(p)ψ
(+)
p;in + bˆ
†(−p)ψ(−)p;in
)
, for η < η0 , (44)
ψˆout =
∫
dp
1√
2pi
(
Aˆ(p)ψ
(+)
p;out + Bˆ
†(−p)ψ(−)p;out
)
, for η > η0 . (45)
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The two sets of creation and annihilation operators in the above equations are related to
each other via the Bogoliubov transformations:
Aˆ(p) = α(p)aˆ(p) + β∗(−p)bˆ†(−p) , (46)
Bˆ†(p) = β(−p)aˆ(−p) + α∗(p)bˆ†(p) , (47)
where
α(p) =
√
ωout
√
ωin +mai√
ωin
√
ωout +maout
Γ(1− iωin
ε
)Γ(− iωout
ε
)
Γ(1− i
ε
(ω+ −mχ)Γ(− iε (ω+ +mχ))
, (48)
β(p) = −|p|
p
√
ωout
√
ωin +mai√
ωin
√
ωout −maout
Γ(1− iωin
ε
)Γ( iωout
ε
)
Γ( i
ε
(ω− −mχ)Γ(1 + iε(ω− +mχ))
, (49)
Assume now that we prepare a one-particle (Heisenberg) state with momentum p at some
earlier time η → −∞: |p〉 = a†(p)|0M ;in〉, and we wish to compute the velocity of this state
at some later time η →∞, that is
v =
〈p|jˆ1out|p〉
〈p|jˆ0out|p〉
,
where
jˆ
µ
out =: ψˆ
†
outγ
0γµψˆout : (50)
The velocity can be calculated generically, and is found to be:
v = |p|
ωout
[
1
tanh(pi
ε
ωout) tanh(
pi
ε
ωin)
− cosh( 2piε mχ)
sinh(pi
ε
ωout) sinh(
pi
ε
ωin)
+ ξ + ξ∗
]
, (51)
where we have introduced
ξ =e2iωoutη
−ωoutm2(a0 + χ)χ
pi3ε3 sinh(piωin
ε
)
× sinh
(pi
ε
(ω+ +mχ)
)
sinh
(pi
ε
(ω+ −mχ)
)
sinh
(pi
ε
(ω− +mχ)
)
sinh
(pi
ε
(ω− −mχ)
)
×Γ
(
iωout
ε
)2
Γ
(
− i
ε
(ω+ −mχ)
)
Γ
(
− i
ε
(ω+ +mχ)
)
Γ
(
− i
ε
(ω− +mχ)
)
Γ
(
− i
ε
(ω− −mχ)
)
.
(52)
We can consider the case where the spacetime grows rapidly at one instant in time. This
case can be evaluated by taking the limit as ε→∞, where the spacetime approaches a step
function and the in-states are instantaneously converted to out-states at time η = 0. In this
limit, the velocity becomes:
v =
|p|
ωout
ainaout
ωinωout
[
p2
ainaout
+m2
[
1 +
(
aout
ain
− 1
)
cos (2ωoutη)
]]
. (53)
8
As envisaged earlier in [11], we explicitly encounter in (53) the time-dependent oscillatory
term, which is very similar to Schro¨dinger’s Zitterbewegung term. The effect vanishes for
massless particles as in the standard case. As a consistency check, we note that for ain = aout,
the Zitterbewegung term disappears from (53) and one recovers the usual velocity formula
given in (14).
We can further consider the case when the Compton wavelength of the particle is much
larger than the width of the spacetime change i.e m
ε
≪ 1. In this limit, maintaining only
linear terms in m
ε
, we find that the Bogoliubov coefficients become
αp = 1 +O
((m
ε
)2)
,
βp =
m
ε
|p|
p
piχ
sinh(pi p
ε
)
+O
((m
ε
)2)
,
(54)
and hence for the velocity expectation value (keeping quadratic m
ε
terms for clarity), we
achieve
v =
|p|
ωout
(
1 +
(m
ε
)2 pi
2 sinh(pip
ε
)
[
(2aoutain − a2out − a2in)
2 sinh(pip
ε
)
+
aout(aout − ain)ε
p
cos(2ωoutη)
])
.
(55)
In this small mass limit, it is clear that the classical velocity p
ωout
is achieved and only
oscillatory terms of order (m
ε
)2 contribute.
5 Conclusion and outlook
In this paper we have discussed the Zitterbewegung phenomenon in non-inertial reference
frames /curved spacetimes, where the positive and negative frequency modes of a quantum
field get mixed. We have explicitly demonstrated that this mixing is essential to obtain the
classical velocity in the Rindler spacetime, that is, similar to an inertial observer, Zitterbe-
wegung is an unphysical and thus unobservable effect for an uniformly accelerated observer.
Within a toy cosmological model, however, we have found that Zitterbewegung can indeed
occur.
It certainly is interesting to study other non-inertial reference frames/curved spacetimes
in which Zitterbewegung manifests itself as an observable phenomenon. Besides potential
applications to cosmology, this study may offer an intriguing possibility to verify Zitterbewe-
gung in laboratory experiments that explore analogue curved spacetimes (see, e.g., [12] for
a recent review). The obvious challenge for such experiments is to maintain a low enough
temperature, so that thermal fluctuations do not overshadow the quantum Zitterbewegung
effect. In this regard, trapped ions may constitute a promising experimental set-up for
the observation of the cosmological Zitterbewegung effect, providing rapid and controlled
expansion/contraction of the ion trap can be achieved [13].
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A Appendix
In this Appendix we collect useful formulas and relations used for obtaining the results
discussed in the main text.
A.1 Normalisation of Rindler modes
The solutions to the Dirac equation in Rindler spacetime (17) are:
ψ(±) = NΩe
∓iΩτ
(
K±iΩ
a
+ 1
2
(mχ)
iK±iΩ
a
− 1
2
(mχ)
)
. (A.1.1)
We calculate the normalisation factor, NΩ, by imposing the normalisation condition:∫ ∞
0
(
ψ(±)
Ω
)†
ψ(±)
Ω′
dχ = δ(Ω− Ω′). (A.1.2)
To evaluate the normalisation factor, we solve the following integral:∫ ∞
0
dz K
iΩ
′
a
+ 1
2
(z)KiΩ
a
− 1
2
(z) =
ipi2
4 sinh( pi
2a
(Ω′ − Ω)) cosh( pi
2a
(Ω′ + Ω))
, (A.1.3)
using the integral relation 6.576(4) for modified Bessel functions from [14]:∫∞
0
dz zpKv(z)Kv′(z) =
1
22−pΓ(1+p)
×[
Γ(1+p+(v+v
′)
2
)Γ(1+p−(v+v
′)
2
)Γ(1+p+(v−v
′)
2
)Γ(1+p−(v−v
′)
2
)
]
, (A.1.4)
along with the following Gamma function relations [14]:
Γ(z∗) = Γ∗(z) ,
zΓ(z) = Γ(z + 1) ,
|Γ(iz)|2 = pi
z sinh(piz)
,
|Γ(1
2
+ iz)|2 = pi
cosh(piz)
,
|Γ(1 + iz)|2 = piz
sinh(piz)
.
(A.1.5)
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The integral (A.1.3) is one of two terms that arise from the normalisation condition (A.1.2).
The second term is obtained by taking Ω → Ω′. The total contribution is identically 0,
except at the pole Ω = Ω′. We can evaluate the pole by appealing to the Sokhotski-Plemelj
formula. In a distributional sense it can be shown that:
lim
ε→0
1
sinh( pi
2a
(Ω′ − Ω)) + iε = −i2aδ(Ω
′ − Ω) + P.V.
sinh( pi
2a
(Ω′ − Ω)) , (A.1.6)
where P.V. stands for the Cauchy Principal Value. By combining (A.1.1) - (A.1.3) with
(A.1.6) we find the normalisation constant:
NΩ =
(
m cosh(Ω
a
pi)
pi2a
) 1
2
, (A.1.7)
which gives us the mode solutions (18).
A.2 Bogoliubov coefficients
Here we present the explicit calculations only for the αΩ coefficient, as the βΩ coefficient is
obtained trivially by changing the sign of Ω as in (24). Utilizing the normalisation condition
on the mode functions we can rewrite (22) as
αΩ,k =
∫ ∞
0
dχ ψ
†
Ω
(±)
Λψ
(±)
ω,k . (A.2.1)
Written out explicitly, this is:∫ ∞
0
dχ
(
m cosh(Ωpi
a
)
pia
) 1
2
eiΩτ
(
K−iΩ
a
+ 1
2−iK−iΩ
a
− 1
2
)T
e−
1
2
aτ 1
(2pi)
1
2
√
2ωp
e−iωpχ sinh(aτ)+ipχ cosh(aτ)
(√
ωp − p√
ωp + p
)
.
(A.2.2)
We then use the change of variables:
ω = m cosh(θp) , k = m sinh(θp) , (A.2.3)
to obtain:
αΩ,θp =
∫ ∞
0
dχ
2pi
√
m cosh(Ωpi
a
)
piaωp
eiΩτe−imχ sinh(aτ−θp)
√
m
[
K−iΩ
a
+ 1
2
(mχ)− iK−iΩ
a
+ 1
2
(mχ)e−
1
2
(aτ−θp)
]
.
(A.2.4)
This can be solved using the integral 6.611(3) [14]:∫ ∞
0
e−αzKv(βz) =
picosec(vpi)
2
√
α2 − β2
[(
α +
√
α2 − β2
β
)v
−
(
α +
√
α2 − β2
β
)−v]
. (A.2.5)
After some algebra, we obtain:
αΩ,θp =
1− i
2
e
iΩθp
a e
piΩ
2a√
2apim cosh(θp) cosh(
Ω
a
pi)
. (A.2.6)
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A.3 Rindler current and charge density calculation
We are interested in calculating the expectation values 〈1p|jˆµ|1p〉, where jˆµ is given in (20,21).
Explicitly, we have:〈
1p| : ψˆ†Oˆ ψˆ : |1p
〉
=
∫ ∞
−∞
∫ ∞
−∞
dΩ dΩ′
(
ψ
(+)
Ω
)†
Oˆ ψ
(+)
Ω′
[
α∗Ω,θpαΩ′,θp +
∫ ∞
−∞
dk α∗−Ω,θkα−Ω′,θkδ(0)
]
− 2
∫ ∞
0
∫ ∞
0
dΩ dΩ′
∫ ∞
−∞
dk
(
ψ
(−)
Ω
)†
Oˆ ψ
(−)
Ω′ α
∗
−Ω,θk
α−Ω′,θkδ(0) ,
(A.3.1)
where Oˆ is 1 for the charge density and γ0γ1aχ for the current density. The third term arises
from the normal ordering of the Rindler operators and exactly cancels with the divergent
second term (this can be shown by using the relationship between αΩ and βΩ, along with the
standard normalisation of Bogoliubov coefficients). The first term is the only contribution
to this expectation value. For the current density, this integral is∫ ∞
−∞
∫ ∞
−∞
dΩ dΩ′ α∗Ω,θp αΩ,θp
(
ψ
(+)
Ω
)†
γ0γ1aχψ
(+)
Ω′ . (A.3.2)
Writing this out explicitly we have:
∫ ∞
−∞
∫ ∞
−∞
dΩ dΩ′
eiτ(Ω−Ω
′)χe−i
θp
a
(Ω−Ω′)e
pi
2a
(Ω′+Ω)
4pi3a cosh(θp)
[
K++K
′
+− −K+−K
′
++
]
, (A.3.3)
where we have used the shorthand notation K±∓ = K±iΩ
a
∓ 1
2
(mχ), K±± = K±iΩ
a
± 1
2
(mχ) and
primes indicate that the order of the Bessel function is a function of Ω′. We now use the
relation 6.664(6) from [14]:
Kα(x)Kβ(x) = 2
∫ ∞
0
dy cosh(y(α+ β))Kα−β(2x cosh(y)), (A.3.4)
as well as the Bessel recurrence relation 8.486(10) [14]:
Kα+1(x)−Kα−1(x) = 2α
x
Kn(x), (A.3.5)
to show that:
K++K
′
+− −K+−K
′
++ = 2
∫ ∞
0
dy
i(Ω− Ω′)
amχ cosh(y)
K i
a
(Ω−Ω′)(2mχ cosh(y)) cosh
(
i
y
a
(Ω + Ω′)
)
.
(A.3.6)
After applying the change of coordinates
Ω =
1
2
(Ω+ + Ω−) ,
Ω′ =
1
2
(Ω+ − Ω−) ,
(A.3.7)
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the total integral becomes:∫ ∞
−∞
∫ ∞
−∞
∫ ∞
0
dΩ− dΩ+ dy
iΩ−
4pi3a2m cosh(θp) cosh(y)
K i
a
Ω−
(2mχ cosh(y)) cosh
(
i
y
a
Ω+
)
eiτΩ−e−i
θp
a
Ω−e
pi
2a
Ω+.
(A.3.8)
The Ω+ integral gives two delta functions, specifically:
piδ
(
y
a
+
ipi
2a
)
+ piδ
(−y
a
+
ipi
2a
)
. (A.3.9)
The Ω− integral is of the form:∫ ∞
−∞
i
a
Ω−K i
a
Ω−
(2mχ cosh(y))i sin
(
Ω−
a
(θp + aτ)
)
, (A.3.10)
which can be solved using 6.795(3) [14]:∫ ∞
−∞
x sin(ax)Kix(b)dx = pib sinh(a)e
−b cosh(a). (A.3.11)
After solving both the Ω− and the Ω+ integrals we obtain:∫ ∞
0
dy
a
[
δ(y + ipi
2
) + δ(y − ipi
2
)
]
2pi2 cosh(θp)
piχ sinh(θp − aτ)e−2mχ cosh(y) cosh(θp+aτ). (A.3.12)
In order to take the integral over y, we deform the integral to the line z = ±ia+y to integrate
the complex arguments of the delta function. The final result is
aχ sinh(θp − aτ)
pi cosh(θp)
. (A.3.13)
Following an almost identical procedure, the charge density (29) can be found.
A.4 Mode Solutions for the Cosmological Spacetime
The general solution to the equation of motion, given in (33) can be written in the form
ψ+p = a(η)
− 1
2
(
αU1(η) + β U1(η)[ωin → −ωin]
αU2(η) + β U2(η)[ωin → −ωin]
)
eipx,
with
U1 =2F1
[
i
ε
(ω− −mχ), 1 + i
ε
(ω− +mχ); (1− i
ε
ωin); (
1
2
tanh(εη) +
1
2
)
]
×(eεη + e−εη)2− iωinε e ipi2 (1+ iωoutε )e−iω+ηe−(1+ iω−ε ) ln(2 cosh(εη))
(A.4.1)
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and
U2 =
1
p
(eεη + e−εη)2−
iωin
ε e
ipi
2
(1+
iωout
ε
)e−iω+ηe−(1+
iω
−
ε
) ln(2 cosh(εη))
×
[
F1
[
−ma0 + tanh(εη)(iε−mχ) + i
2
[(iωin − ε)(tanh(εη)− 1)− (iωout + ε)(tanh(εη) + 1)]
]
− F2
iωin − ε
[
4i
[
ω2− −m2χ2
]
+ 4ε(ω− −mχ)
]
(tanh(εη) + 1) (tanh(εη)− 1)
]
.
(A.4.2)
In order to find the in/out states, we match this general solution to the plane wave solutions
in the limits η → −∞ and η → ∞ respectively. The plane wave mode solutions to for a
spinor field in the 2D Dirac representation are:
ψ+in/out =
a(η)−
1
2√
4ωin/outpi
( √
ωin/out +main/out
|p|
p
√
ωin/out −main/out
)
e−iωin/outη+ipx,
ψ−in/out =
a(η)−
1
2√
4ωin/outpi
( |p|
p
√
ωin/out −main/out√
ωin/out +main/out
)
eiωin/outη−ipx.
(A.4.3)
The in and out states given in (36) and (39) approach these solutions in their respective
limits.
A.5 Cosmological Bogoliubov Coefficients
The Bogoliubov coefficients can be obtained by determining how the in state evolves as
η →∞. To do this we use the following hypergeometric function relation[14]:
F (α, β; γ; z) =
Γ(γ)Γ(γ − α− β)
Γ(γ − α)Γ(γ − β)F (α, β;α+ β − γ + 1; 1− z)
+ (1− z)γ−α−β Γ(γ)Γ(α+ β − γ)
Γ(α)Γ(β)
F (γ − α, γ − β; γ − α− β + 1; 1− z),
(A.5.1)
which, when applied to the in state hypergeometric function (in the first component), gives:
2F1
[
i
ε
(ω− −mχ), 1 + i
ε
(ω− +mχ);
(
1− i
ε
ωin
)
;
(
1
2
tanh(εη) +
1
2
)]
=
Γ(1− iωin
ε
)Γ(− iωout
ε
)
Γ(1− i
ε
(ω+ −mχ)Γ(− iε(ω+ +mχ))
2F1
[
i
ε
(ω− −mχ), 1 + i
ε
(ω− +mχ); 1 +
iωout
ε
;
(
1
2
− 1
2
tanh(εη)
)]
+ eiωoutηe
iωout
ε
ln 2 cosh εη Γ(1− iωinε )Γ( iωoutε )
Γ( i
ε
(ω− −mχ)Γ(1 + iε(ω− +mχ))
× 2F1
[
1− i
ε
(ω+ −mχ),− i
ε
(ω+ +mχ); 1− iωout
ε
;
(
1
2
− 1
2
tanh(εη)
)]
,
(A.5.2)
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which allows us to write
ψ+in = αpψ
+
p,out + βpψ
−
−p,out (A.5.3)
with αp and βp defined as in (48) and (49).
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